A kind of strongly degenerate parabolic equations,
Introduction
The author studies the boundary condition of a kind of degenerate parabolic equations 
where n = {n i } is the inner unit normal vector of . Let m → ∞. Then we have
It means that the classical solutions (if there are any) of equation (.a) are completely determined by the initial value and free from the limitation of any boundary value condition. Now, we will give a brief introduction of the related works on equation (.). Supposed that a(u, x, t) ≡ a(u), when the equation is weakly degenerate, it is well known that one can impose the Dirichlet homogeneous boundary condition (.), one may refer to the book [] and the references therein. When the equation is strongly degenerate, there are two ways to deal with the corresponding problem, we simply call them as the Chinese way and the international way, respectively. The Chinese way is based on the BV analysis technique, it directly answers whether (.) is overdetermined or not. In general, instead of the whole boundary ∂ , only a portion of the boundary p ⊆ ∂ on which the trace of u can be endowed in the traditional way, u(x, t) = , (x, t) ∈ p × (, T).
(.)
The representative works by Wu-Zhao [, ] were accomplished in the early s, for later work, one may refer to [] . While in the international way, the boundary value condition is not directly shown in the traditional way as (.), it is elegantly implicitly contained in family entropy inequalities. Moreover, the entropy solutions defined in the international way are only in L ∞ space, the existence of the traditional trace (which was called the strong trace in [] ) on the boundary is not guaranteed, so the boundary value condition is satisfied in a weaker sense than that of the traditional way; one may refer to [-] and the references therein for details. A more explicit comment on the international way will be supplemented in Appendix  of our paper. The advantage of the Chinese way lies in the fact that one can figure out on which portion of the boundary should be imposed the boundary value, whereas the rest of the boundary is free from any limitation.
Very recently, if the domain = R N + is the half space of R N , in the Chinese way, we [] studied the initial-boundary value problem of the following equation:
We have proved that if b N () < , we can impose the general Dirichlet boundary condition
which is satisfied in a particular weak sense. But if b N () ≥ , then no boundary condition is necessary, the solution of the equation is free from any limitation of the boundary condition.
In this paper, we continue to research how to impose a suitable homogeneous boundary condition as (.) in the Chinese way. Let us give the explicit formula of p in (.) first. Let n = {n i } be the inner unit normal vector of ∂ . For any η > , ∀k ∈ R, for any given t ∈ (, T), denote that
Clearly, = ηk ∪ ηk , and let
Now, we will show that we can choose the explicit displayed formula of p in (.) as  , and choose the suitable boundary condition as
and we will give a new kind of entropy solution to match (.) in a special weak sense.
The purpose of S η is to approximate the sign function sgn(s). Obviously h η (s) ∈ C(R), and
is the square root of (a ij ), and
, and
. The boundary value is satisfied in the sense of the trace,
. The initial value is satisfied in the sense of the following equality:
Here the pairs of equal indices imply a summation from  up to N , and
Let η →  in (.). In Appendix  of our paper, we can see that if u is the entropy solution in Definition ., then it is an entropy solution as defined in [-].
We will prove the following theorems. 
and in particular
when λ is small enough, and
where
Hausdorff measure.
Remark . If the two solutions in Theorem . are the viscous solutions of (.), i.e.,
and u ε , v ε is the solution of regularized problem
with the homogeneous boundary value (.) and with the differential initial values u  , v  , respectively. Then f , g in (.) is identical to  too. So (.) can be simplified to on (x, t) ∈ Q T , when we discuss the stability of the entropy solution, to ensure Kruzkov bi-variables the method still can be used successfully; not only does it take us much time to find the additional condition (.), but also we fortunately find the following basic but profound observation:
where ω h is the usual mollifier function. Moreover, some elegant partition techniques are ingeniously combined with Kruzkov bi-variables method, the corresponding calculation is much more complicated than that of [] too. The paper is arranged as follows. In the first section, we give the basic definition and the main results. In the second section, we give some basic concepts and properties of BV function, some lemmas are introduced and the needed estimate of the gradient of the approximate solutions is obtained, Theorem . is proved. In the third section, we will prove the stability of the entropy solutions by the Kruzkov bi-variable method. In the fourth section and the fifth section, we give a supplement to prove a lemma and a formula used before. In Appendix , we give a reasonable explanation of the boundary condition (.). In Appendix , we give some comments on Definition ..
BV solution of the equation
Let us first introduce the concept of BV function according to Ref. [] .
We define BV( ) as the space of all functions in L  ( ) with bounded variation.
This is equivalent to the idea that the generalized derivatives of every function in BV( ) are regular measures on . Under the norm 
where B ρ = {x ∈ R m ; |x| < ρ}.
Remark . The function f + is called the trace of f on B R and obviously
In our paper, we consider the solution of equation (.) in BV(Q T ), where Q T = × (, T), and the dimension of Q T is m = N + .
Let u be the set of all jump points of u ∈ BV(Q T ), v = (v  , v  , . . . , v N , v N+ ) be the normal of u at X = (x, t), u + (X) and u -(X) be the approximate limits of u at X ∈ u with respect to (v, Y -X) >  and (v, Y -X) < , respectively. For the continuous function p(u, x, t) and u ∈ BV(Q T ), define 
The solution of our problem will be obtained as a limit point of the family {u ε } of solutions of the regularized problem 
with constants c i , i = ,  independent of ε.
Under the assumptions of A, b i and u  in Theorem ., it is well known that there is a classical solution u ε of the initial-boundary values problem (.)-(.)-(.), e.g. one may refer to Chapter  of [] .
We need to make some estimates for u ε . First of all, by the maximum principle, we have
Second, let us make the BV estimates on u ε . 
c is independent of ε, and independent of t.
Proof Differentiate (.) with respect to x s , s = , , . . . , N, N + , x N+ = t, and sum up for s after multiplying the resulting relation by u εx s
. In the following, we simply denote u ε by u. Integrating over yields
and, moreover, every term in the right-hand side of (.) can be handled as (.)-(.), respectively,
is the inner normal vector of , ξ s = u x s . At the same time,
and
, by the assumption a ij (, x, t) = , and so
we have
where (q sp ) is the square root of (
By the assumption
We will use the fact that, on , u = ,
to calculate the surface integrals in (.). Equation (.) involves the derivatives on the boundary; let us give some explanation in terms of the concept of the local coordinates. Let δ  >  be small enough that
where V τ is a region, on which one can introduce local coordinates 
Since
Noticing that
, by the fact that the normal vector is
Using Lemma ., one is able to deduce that lim η→ S can be estimated by | grad u| L  ( ) .
Thus, letting η →  in (.), and noticing that
using the fact of that lim η→ S can be estimated by | grad u| L  ( ) , we have
by the well-known Gronwall lemma, we have
By (.), it is easy to show that
Now we put back the solution of equation
Q T , we can simply denote this subsequence as {ε} itself; there exist functions
and a subsequence of {ε}, such that, when ε → ,
Proof of Theorem . We now prove that u is a generalized solution of (.
, ∇ϕ  | = , and {n i } be the inner normal vector
, and integrate over Q T , to obtain
Let us calculate every term in (.) by the partial integration method. We have
For ∇ϕ  | = , and by a ij (, x, t) = , from (.)-(.), we have
Let ε →  in (.). By (.), we get (.) and (.) is naturally concealed in the limiting process.
The proof of (.) is similar to that in [, ], we omit the details here.
Proof of Theorem 1.3
Lemma . Let u be a solution of equation (.). Then
is true in the sense of Hausdorff measure H N ( u ).
The proof is given in Section  as follows.
Proof of Theorem . Let u, v be two entropy solutions of equation (.) with different initial values
and with the same homogeneous boundary value γ u(
Moreover, for any given positive constant δ,
, integrate over Q T , respectively, plus them together and get the following inequality:
Clearly,
as η → , we have
and as h → , we have
For simplicity, we denote
Then we have
Also we notice that
We are able to prove that (see the details in the next section)
and clearly
At the same time,
Likewise, we have
Combing (.)-(.), and letting η → , h → , we get For any given ε > , δ ε (y) is defined as
Especially, we can choose φ in (.) by
is defined as follows. Let ω λ (x) ∈ C   ( ) be a function satisfying, for any given small enough  < λ,  ≤ ω λ ≤ , ω| ∂ = , and
Then we define
using the conditions |d x i x j | ≤ c, and using the fact of that |∇d| = , noticing that
where ζ ∈ (v, u). Then by (.), from (.), we have
According to the definition of the trace (.), let λ →  in (.). By (.)-(.), we have
(.) Let  < τ < s < T, and
Here α ε (t) is the kernel of the mollifier with α ε (t) =  for t / ∈ (-ε, ε). Then
and the desired result follows by letting τ → .
The proof of (3.12)
To prove (.), we have to make some basic calculations. By the properties of the BV functions (Lemma . and Lemma ..
and likewise
By (.),
Comparing (.) to (.), one has
Substituting (.) into (.), we have
We have
Now, by lim η→ sS η (s) = , by (.), and
term of the right-hand side of (.) approaches  except the last term. The last term approaches
so we have (.).
Proof of Lemma 3.1
Let u be a solution of equation (.) in the sense of Definition ., we want to prove
First we prove H(  ) = . Since any measurable subset of  can be expressed as the union of Borel sets and a set of measure zero, it suffices to prove
where U is a Borel subset of  . We may suppose U is compact. By Lemma .. in [] , for any bounded function f (x, t), which is measurable with respect to the measure
The definition of  implies that the left-hand side vanishes, so we have
, where χ u (x, t) denotes the characteristic function of U, sum up for i from  up to N . Then we obtain
where G is the projection of U on the t-axis. Equation (.) implies, for almost all t ∈ G,
and hence, for almost all t ∈ G,
H t -almost everywhere on U t , which is impossible unless mes G = .
For any α, β with  < α < β < T, we choose
. From the definition of the BV function, we have
Clearly, this equality also holds if [α, β] is replaced by (α, β) and hence it holds even if [α, β] is replaced by any open set I with I ⊂ (, T).
Since G is a Borel set, by approximation we may conclude that
Since mes G = , the three terms on the right-hand vanish and
which implies H(U) =  and H(  ) =  by the arbitrariness of U. Next, we prove that (.) is true in  . Let U be any Borel subset of  which is compact in Q T . Since U is a set of N + -dimensional measure zero and
and hence
By the arbitrariness of U, it follows by the definition of  that
From this fact,
Thus the lemma is proved. The most characteristic feature lies in that the boundary condition can be treated in the L ∞ setting, and the uniqueness of the entropy solutions can be obtained. So, if we consider the Cauchy problem of equation (.), the international way has great superiority. Unlike the international way, the Chinese way still treats the boundary condition in the classical sense, so it requires that the solution is regular at least in the BV sense. If the solution is only in the L ∞ setting, it cannot be treated in the Chinese way. Certainly, as we have said before, the Chinese way has the advantages that it clearly shows the condition (.) generally is overdetermined, and only a portion of the boundary should be given the boundary value as we have shown in Theorem .. In the following, we will give an explanation of the reasonableness of homogeneous value condition (.). 
According to Fichera-Oleǐnik theory, we know that we can impose the Dirichlet homogeneous boundary condition (.). For the boundary layer equation (.), if the domain = { < τ < T,  < ξ < X,  < η < }, then comparing equation (.) with equation (A.), according to Fichera-Oleǐnik theory, the initial and the boundary conditions for w have the form 
The portion of the boundary on which we can give the boundary value is
where {n i } is the unit inner normal vector of ∂ . However, due to the strongly degenerate property of (a ij (u, x, t)), equation (A.) generally only has a weak solution u, for example in our paper, u ∈ BV, we cannot define the trace of
has a definite sense. In the following, we will show that p of (A.) is in accordance with (.) in a special weak sense.
Recalling that, for any η > , ∀k ∈ R, n = {n i } is the inner unit normal vector of = ∂ , and for any given t ∈ (, T),
We know that the boundary condition of equation (.) used in our paper is
In fact, by the definition of ηk , we know that
Let k → . We know that
which is in accordance with (A.).
Appendix 2: The comments on Definition 1.1
To explain the reasonableness of Definition ., suppose that equation (.) has a classical solution u.
Multiplying (.) by ϕ  S η (u -k) and integrating over Q T , we have 
which is just an inequality, this is due to the following weak convergence property: assuming that U ⊂ R N is an open bounded set and as k → ∞, f k f weakly in L q (U),  ≤ q < ∞,
which has been quoted before as Lemma ..
Generally, inequality (B.) cannot be an equality. This is why we can only define the weak solution as (.) (i.e. (B.)) instead of (B.).
(ii) Second, Definition . is equivalent to the following. Comparing with Definition ., Definition B. seems simpler; the reason we choose to adopt Definition . is that the inequality (.) clearly shows the partial-boundary condition, and the definition can be used to deal with the corresponding problem if we have equation (.) with no homogeneous boundary value condition.
(iii) By (B.), we have .
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